Starting from a many body Hamiltonian, we have derived the Coulomb energy which relates the exciton energy E exc in a quantum dot with the quasiparticle band gap (defined as the difference between the ionization energy and the electron affinity), and the Coulomb energy which relates E exc with the single particle eigen values. We found that these two Coulomb energies are different.
I. Introduction
The screened Coulomb interaction in a bulk semiconductor between an excited electron and a hole has been studied theoretically 30 years ago [1, 2] from many body point of views.
As a result of such theoretical analysis, the screening of the Coulomb interaction can be expressed using the dielectric response function of the bulk system. Recently, nanometer scale finite system has attracted a lot of research interests [3] . The confined excited electrons and holes within the finite systems have enhanced Coulomb interactions comparing to the bulk material [4] . However, there are different opinions about how to screen the Coulomb interactions in various cases. While the screening of the Coulomb interaction is clear when the electron is outside the nanostructure, it becomes clouded from a classical point of view when it enters the nanostructure. One problem is that the classical dielectric screening effects can already been partially represented by the single particle eigen energies. Thus combining the classical electrostatic model with the single particle Hamiltonian does not always provide a clear picture free from ambiguities. The more rigorous way is to derive the single particle effective Hamiltonian and the screened Coulomb interaction from the many body Hamiltonian. However, the Feyman diagram technique used in the bulk study thirty years ago can not be directly applied to the finite system without complicated modifications to the Green's functions according to their boundary conditions. In this article, we will present a derivation of the screened electron-hole Coulomb interaction in a nanosystem started from a many body Hamiltonian. Instead of basing on the Green's functions, our derivation is based on many particle wavefunctions, which is straight forward, and easy to understand. We will restrict ourselves to the cases that the excited electrons and holes are strongly confined by a 0 dimension nanostructure (quantum dot). That means, the correlation between the excited electron and the hole can be ignored [5, 6] One of the earlier works on the quantum dot Coulomb interaction and its screening effects is given by L.E. Brus [7] . Using a classical model of the dielectric screening and a single particle Hamiltonian, Brus derived the change of electron affinity of a quantum dot (spherical, with radius R) relative to the bulk system:
′ .
Here E M is the total energy of the quantum dot with M electrons. E N is the neutral quantum dot. Thus E N − E N +1 is the electron affinity of the quantum dot. E bulk af f is the electron affinity of the bulk. ǫ e is a single electron confinement energy in conduction band, which equals π 2 2m * e R 2 under an effective mass model of electron effective mass m * e .
2RP
′ is an electrostatic energy representing the interaction between the electron and its image charge produced by the quantum dot medium with dielectric constant ǫ. Similarly, for ionization energy, he has
Here ǫ h is the single hole confinement energy, which equals (2) is the same as the last term in Eq(1). Then, using the conventional definition, the quasiparticle band gap E qp g equals the difference between the ionization energy the the electron affinity:
Here, we have used the fact that the bulk band gap E bulk g equals the difference between bulk ionization energy E bulk ion and the bulk electron affinity E bulk af f . In this paper, we discuss only the cases where the quantum dot is surrounded by vacuum. Then if the dielectric constant of the quantum dot ǫ is much larger than 1, we have (following Ref. [8] ):
In a second paper [9] , Brus presented the result for the exciton energy E exc in a quantum dot (which equals the photon energy needed to excite an electron from the valence band to the conduction band),
where −
ǫR
represents the direct Coulomb integral between the electron charge and hole charge, screened by ǫ, using the effective mass wavefunctions. The last term in Eq(5) is said to be the time averaged instantaneous dielectric energy while the classical particle moves around inside the quantum dot. Comparing Eq(3) to Eq(5), with the help of Eq(4), we have
Note that, classically, the last term in Eq(6) represents the Coulomb interaction energy between a spherical charge density inside the quantum dot with its induced surface charge.
The total of the last two terms in Eq(6) represents the electrostatic interaction between the confined bare electron charge density with a screened hole charge (i.e, the total charge density of the E N −1 system).
However, the above classical picture is not universally accepted. For example, in a recent paper of Ogut, etal [10] , the connection between E qp g and E exc is not given by Eq(6), instead a simple Coulomb interaction −
is used (in the effective mass limit):
The difference between Eq(7) and Eq(6) is very large (up to 2 eV for R ∼ 7Å), because there is an unscreened Coulomb interaction −1/R in the last term of Eq(6). Using Eq(7),
Ogut etal obtained an exciton energy E exc much larger than the one obtained from the single particle empirical pseudopotential method (EPM) [11] (which is yield via Eq(5) but without its last term, and with ǫ e , ǫ h calculated via single particle EPM Hamiltonian). Based on this difference, they concluded that the empirical pseudopotential calculation is wrong because a size dependence of the GW selfenergy is ignored. However, if Eq(6) instead of Eq (7) is used, one finds that the result from Ref. [10] is almost the same as the EPM result. Then their conclusion will be false and EPM calculation will be all right.
To settle the dispute between Eq(7) and Eq (6) , and to test the other classical formulae [e.g, Eq(5)], it will be very useful to derive the above relationships from many body Hamiltonians. This will be provided in the rest of this paper. We found out that Eq(6) is correct instead of Eq (7), and Eq(5) is correct after deleted its last term.
II. The basic Formalism
In the strong confinement size region, the kinetic energy is the dominant factor to determine the single particle wavefunction [5, 6] . The correlation effect related to one single particle wavefunction is small, ∝ 1/N of the total correlation effect of the whole many body system. Thus, in the strong confinement region, we can separate one single particle orbital 
Here, we have used |Φ M ψ > to denote the break down of the total wavefunction Φ M +1 into Φ M and ψ. x ≡ (r, σ), and r is the three dimensional Cartesian coordinate, and σ is the spin index. Note that through the definition of Eq (8),
.., x M ) can be constructed using the linear combination of different electron configurations (i.e, single slater determinates). Thus, by the construction of Eq (8),
we can exclude the single particle orbital ψ from the configurations of Φ M (x 1 , x 2 , ..., x M ). In another word, we can say that
The Hamiltonian for the M+1 particle system can be written as
Using Eq(10) and Eq (8), we can evaluate
can be expressed as
where H M is just the H M +1 of Eq (10), but change the M + 1 to M. E ψ is defined as
Note that ρ M (r) = σρM (rσ, rσ).
Notice that Eq(11) goes beyond the Hartree Fock approximation [12] in that the majority of the correlation effects remain in the many body wavefunction Φ M . Only the correlation related to the single particle wavefunction ψ (which is ∝ 1/N of the total correlation) is ignored, and this approximation is justified in our strong confinement situation. Under the assumption of the wavefunction Φ M +1 of Eq (8), one can variationally minimize the total energy of Eq(11) with regard to Φ M and ψ under the constraint of Eq(9). Doing so, both Φ M and ψ can be solved selfconsistently from Eq(11). However, symmetries might need to be used to force the ψ to be the desired single particle wavefunctions (i.e, the top of valence state and bottom of conduction state). Another approach is to calculate ψ from single particle Hamiltonians, e.g, quasi-particle GW method [13] , or empirical pseudopotential method [11] . Later in Section IV, we will provide a new single particle Hamiltonian H s [Eq(39)] to calculate ψ. For a given ψ, we can minimize Eq(11) with regard to Φ M , thus get 
III. Coulomb energy associated with the ionization energy and electron affinity
The exciton energy E exc can be directly defined as
is the N electron ground state energy with Φ 0 N being the minimum energy variational solution
N is the total energy of the N electron system which contains one exciton (i.e, an conduction band single particle state ψ c is occupied and an valence band single particle state ψ v is unoccupied). In the case of strong confinement, the E * N system many body wavefunction can be expressed as |Φ 
Here, we have used the superscript c to indicate that Φ 
where, E N −1 and E N +1 are the ground state energies of N-1 and N+1 electron systems, which can be written as (8) with N = M. After all these substitutions, we have:
and 
Further more, following the same perturbation argument, we have ρ
. Again, the approximation has an relative error ∝ 1/N. Then, we can change Eq(21) to
This is our essential result. Notice that, ρ 
Thus, if we ignore the exchange interaction in Eq(22) (which is usually much smaller than the Hartree interaction), and express V ψc coul (r) using Eq(13), then through Eq(18), we have
where, ρ c (r) = σ |ψ c (rσ)| 2 . In the case where phenomenological dielectric constant ǫ can be used to describe ρ src v (r 1 ), we found that Eq(24) is in agreement with Eq(6), not Eq(7).
More, explicitly, in that case we have
where R is the quantum dot radius and ρ v (r) = σ |ψ v (rσ)| 2 . Using the effective mass charge density ρ v (r) = ρ c (r) = sin 2 (πr/R)/2πRr 2 , we yield Eq(6) from Eq(24).
IV. Coulomb energy associated with the single particle eigenvalues
Had proved Eq(6), now we like to test Eq(5). To do that, we also need to come up with a single particle Hamiltonian for ǫ e and ǫ h . Let's start from the definition of the exciton energy: E exc = E * N − E N . Now, we will rewrite the N particle ground state wavefunction
Using Eq (11) , E N can be written as:
Here, E ψv is evaluated from Eq(12). Similarly, like before, the exciton wavefunction can be expressed as |Φ c N −1 ψ c >. Then, E * N can be written as:
Like before, we will subject Φ c N −1 and Φ v N −1 to the orthogonal conditions of Eq(9) to both ψ v and ψ c . Again, doing this will cause a correlation error ∝ 1/N of the total correlation, and it is a good approximation within the strong confinement region. Comparing Eq (27) with Eq(26), we find that we can obtain Φ 
In Eq(28), Φ β N −1 is defined as the minimum energy variational solution of the Hamiltonian H β ef f , while subjected to orthogonal condition Eq(9) to ψ c and ψ v . Using Eq(26) and Eq(27),
we have E(β = 0) = E N − E ψv and E(β = 1) = E * N − E ψc . Now, using the "adiabatic integration technique", we have
Note, in Eq(28), Φ 
Then, we have 
Here, we will only consider cases where a macroscopic dielectric constant ǫ can be used to describe the response of the N-1 electron system to these perturbative charges. These perturbative charges can be considered as external to the N-1 electron system. Thus, under this phenomenological description, the N-1 electron charges can be expressed as
Note that, ρ 
is zero. Now, substitute Eqs(32)-(33) into Eq(31), carry out the β integration, we have:
are the neutral system N electron ground state charge density and density matrix. Using this relations, and Eqs (13), (15), we have
After a few algebras, the Eq(35) can be simplied to
Similar to Eqs (13) and (15), we can now define Coulomb and exchange potentials due to the N electron ground state charge density ρ 0 N (r) and density matrixρ
Then, we can defined a single particle Hamiltonian H s :
Using Eq(39), and Eqs (13), (15), the first part of Eq(36) can be simplified, and it leads to
where ǫ ψc and ǫ ψv are the eigenvalues of the bottom of conduction band and top of valence band of the single particle Hamiltonian H s in Eq(39). This concludes our major result for this section.
Comparing Eq(40) to Eq(5), we notice that: (1) The bulk band gap E (5), which represents the classical instantaneous dielectric energy, does not exist in the many body result. It is thus quite plausible that this term should not exist in Eq (4) either, which affects the electron affinity [Eq(1)], ionization energy [Eq(2)] and quasi-particle energy [Eq(3)].
Equation (40) confirms the conventional way to calculate the exciton energy via the single particle eigen values, e.g, as we did in the empirical pseudopotential approach [11] . Both the Hartree Coulomb interaction and the exchange interaction exist in Eq(40). Interestingly, following the assumption of Eqs(32)-(33), the exchange interaction is screened in Eq(40) just like the Coulomb interaction. This might shed some light on the long standing controversy about whether the exchange interaction should be screened [1, 2, 14] [notice also the second term in Eq (22)]. Also important here is that we have provided a definition of the single particle Hamiltonian H s in Eq(39) using the N electron charge density and density matrix.
Equation (39) is like the variational equation obtained from Eq(11) for a given Φ M . The difference is that, here, the same Φ N is used for different single particle states (i.e, ψ v , ψ c ). This H s can be compared with the conventional single particle Hamiltonians e.g, EPM [11] , local density approximation (LDA) [15] , quasi-particle GW calculation [13] and
Hartree-Fock equation [12] . H s is almost the same as the Hartree-Fock equation, but that
changed to the correlated exchange potential V N ex (x, x ′ ) of Eq(38). According to Eq(40), the eigenvalues of H s should provide the exact band structure (at least the band gap) of a bulk system. This is very interesting, important, and remains to be tested numerically.
Equations (6),(24) and Eq(40) represents two different approachs to calculate the exciton energy in a nanostructure. In the paper of Ogut etal [10] , the first approach is taken.
Unfortunately, Eq(7) instead of Eq (6) 
We have used the same symbol Σ in Eq(41) as in Ref. [10] , although we do not agree that it is the GW "selfenergy" as claimed in Ref. [10] . According to Eq(41), Σ is simply an electrostatic energy between the electron charge and its induced surface charge. Although there is a well know LDA error for the band gap energy, this error exists in both (E N +1 + E N −1 − 2E N ) and (ǫ c − ǫ v ), thus should be cancelled. As a result, Eq(41) should still be valid for LDA calculations.
In Fig.1 , the quantity (
This quantity is compared with (1 −
). The agreement is quite good. Here, ǫ(R) is a function of the quantum dot radius R. This function is calculated in Ref. [16] , and can be expressed as ǫ(R) = 1 + (11.4 − 1)/(1 + (α/R) l ). Here, we have used ǫ(R) which corresponds to the total polarizibility of the quantum dot (ǫ s in Ref. [16] ), i.e, α = 4.25Å and l = 1.25.
Of course, the agreement of Eq(41) depends on how good is the macroscopic description of the quantum dot screening [Eq(25)]. There is no reason to believe that Eq(25) should be exact for a small quantum dot. After considered all these uncertainties, the agreement in Fig.1 is exceptionally good.
Notice that, the LDA Kohn-Sham single particle band gap ǫ c − ǫ v is almost the same (within 0.1 eV) as the single particle band gap calculated from empirical pseudopotential after a 0.68 eV band gap correction is added to LDA result. This can be confirmed by taken the data from Ref. [10] and Ref. [11] . It has also been confirmed separately by Delley etal in
Ref.
[17]. Then, using the good agreement between LDA (E N +1 + E N −1 − 2E N ) − (ǫ c − ǫ v ) and (1 − 1/ǫ(R))/R as shown in Fig.1 , we know that the exciton energy E exc calculated from LDA quasiparticle energy [Eq(6) plus 0.68 eV correction], should be the same as E exc calculated from empirical pseudopotential single particle eigen values [Eq(39)] [11] . Thus, the conclusion made in Ref. [10] , that EPM misses the change of selfenergy with size R, is wrong.
VI. Conclusions
We have derived, from a many-body point of view, the Coulomb energy needed to relate the quasiparticle energy E qp g to the exciton energy E exc (= the optical transition energy) E exc [Eqs(22),(24)]. In the limit where the phenomenological description of the dielectric screening is valid, we found that the correct formula is Eq(6), not Eq(7). We also derived the Coulomb energy which relates the single particle eigen values with the E exc [Eq(40)]. We found that the classical instantaneous dielectric energy in the last term of Eq (5) does not exist in the many-body derived Eq(40). Under the assumption of Eqs(32)-(33), we found that the exchange interaction in Eq(40) is screened as the Hartree interaction. Using Eq (24) and Eq(40) respectively, we found that the optical transition energy obtained from the LDA E qp g (plus the LDA band gap correction), is almost the same as the result obtained from the EPM single particle eigen values. The conclusion in Ref. [10] , that EPM misses the change of selfenergy with size R, is wrong. Finally, we presented a single particle Hamiltonian H s [Eq(39)], which under the assumption of Eq (8) 
